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Effect of chainlike aggregates on dynamical properties of magnetic liquids
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The effect of chain-shaped aggregates on the dynamic properties of magnetic liquids is studied under the
assumption that the chains can be modeled as straight and rigid. On the basis of microscopical analysis the
macroscopical expression for average stress tensor is obtained. The effective viscosity and viscoelastic char-
acteristics are estimated.

PACS number~s!: 61.43.Hv, 75.50.Mm
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I. INTRODUCTION

One of the fundamental problems of the physics of m
netic fluids is the determination of their macroscopical ch
acteristics~functions of magnetic response, effective visco
ity, etc.! as functions of the microscopical characteristics
the system~shape, size, physical properties, and concen
tion of ferroparticles, properties of a solvent!.

The known consistent theories of dynamic properties
ferroliquids @1–3# deal with the very dilute systems fo
which any interparticle interactions are negligible. Howev
these interactions may play an important, and often princi
role in the formation of macroscopical properties of ferroc
loids. They lead to the occurence of long-range correlati
between positions and orientations of the particles and
rise of droplike, chainlike and other heterogeneous agg
gates consisting of the particles.

The general statistical theory of nondilute ferrocolloids
not developed, and hence it is impossible to study the pr
erties of magnetic fluids with all types of inner structures
the basis of one theoretical model. Therefore, it is reason
to construct models for the systems with different structu
individually. Such ‘‘ideal’’ models must help us to unde
stand, first, what inner structures can be expected in
given ferrocolloid for given external conditions; second, ho
these structures can affect macroscopical properties of
system.

The effect of long-range interparticle correlations on m
roscopical dynamic properties of homogeneous, modera
concentrated magnetic liquids was studied in@4#. The effec-
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tive viscosity of a ferroliquid with droplike aggregates h
been estimated in Ref.@5#. The works@6–8# are devoted to
the analysis of the effect of chainlike aggregates on the
tionary effective viscosity of ferrocolloids in linear approx
mation in gradient of flow velocity.

The primary aim of our work is to study the influence
chain aggregates on macroscopical rheological propertie
ferrofluids. In order to focus our attention specifically on t
chains, we adopt the following assumptions. First, we tr
ferromagnetic particles as identical spheres. The magn
moment of the particle is frozen to its body. The magnitu
of this momentm is given and is constant. Second, we a
sume the chains to be straight and rigid. The validity of t
assumption will be established below. Third, the interparti
interaction is taken into account only for the particles plac
in one chain, the interaction between particles in differe
chains is neglected. It should be noted that for the real s
tems this approximation can be too strong and the interch
interactions can be significant. Fourth, we restrict our ana
sis to the systems in which the energy of a magnetodip
interaction between neighboring particles in a chain is mu
larger than that of the interaction of the particle with a ma
netic field. For this reason, the magnetic moments of all p
ticles in one chain are aligned along the chain axis.

II. SIZE DISTRIBUTION OF A CHAIN

Let us find the distribution functiongn of the chains with
respect to the numbern of particles in them. For this purpos
we use the same ideas as in Ref.@8#.

The chains may be treated as heterogeneous fluctuat
Using the well-known Frenkel’s theory of heterofluctuation
we can write the free energy per unit volume of the ferroc
loid as follows:
5415 ©2000 The American Physical Society
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F5T(
i 51

` Fgn ln
gnv
e

1gnf nG , v5
4pa3

3
. ~1!

HereT is the absolute temperature in energy units, the
term in square brackets in Eq.~1! is the entropy of a gas o
n-particle chains due to their translation motion,f n is a di-
mensionless ‘‘internal’’ free energy of a chain ofn particles,
a is radius of the particle.

Similar to @6–8# we suggest that the neighboring particl
in a straight chain are close to each other. As it is shown
Ref. @8#, in the boards of this approximation the followin
estimation is valid:

f n'2S «~n21!1 ln
sinh~kn!

kn D , ~2!

k5
mH

T
, «52

m2

8a3T
.

HereH is the magnetic field, the dimensionless parame
k is the ratio of the energy of interaction of a particle wi
the magnetic field to a thermal energy, and the dimension
parameter« is the energy of interaction of two neighborin
particles with each other divided by a thermal energy.

Substituting~2! into ~1!, we obtain

F5T(
i 51

` Fgn ln
gnv
e

2S «~n21!1 ln
sinh~kn!

kn D G . ~3!

In an equilibrium state, the distribution functiongn should
minimize F under the normalization condition

(
n51

`

ngn5
w

v
, ~4!

wherew is the volume fraction of a disperse phase. The ra
w/v is the number of particles per unit volume.

Minimizing ~3! under~4!, and carrying out some standa
manipulations, we find

gn5
xn

v
sinh~kn!

kn
exp~2«!, x5exp~«1l!, ~5!

wherel is the Lagrange coefficient. To find it we substitu
Eq. ~5! into ~4!. As a result, we get an equation forx:

(
n51

`

xn sinh~kn!5y, y5kw exp~«!. ~6!

After some transformations we obtain the solution of t
equation:

x5@2y coshk1sinhk2A~2y coshk1sinhk!224y2#

3~2y!21. ~7!

The mean number of particles in a chain in arbitrary m
netic field is
ft

in

r

ss

o

-

^n&5

(
n

ngn

(
n

gn

5
kw exp~«!

(
n

xn sinh~kn!n21

. ~8!

In the absence of the field (k50)

^n&5w
12x0

x0
exp~«!, ~9!

x05x~k50!5
112w exp~«!2A114w exp~«!

2w exp~«!
.

Figure 1 illustrates the dependencies of^n& on k for givenw
and different values of«.

Using standard reasonings of the theory of polym
chains, one can show that deviation of the aggregate sh
from a straight line is small if the number of the particles
the chain is less than« ~see details in Ref.@8#!. For this
reason, the condition of the validity of the model is the fo
lowing inequality:^n&,«.

Let wc be the value of the volume concentration corr
sponding tô n&5«. The plot ofwc as a function of œ for«
is shown on Fig. 2. If at a given« the concentrationw
,wc , then the model of straight aggregates may be used

It should be noted that the similar model of a ferrocollo
with chainlike aggregates was suggested in the work of@9#.

FIG. 1. The mean number of particles in a chain vs the dim
sionless magnetic field forw50.05. Solid line corresponds to«
55, dashed line to«53.

FIG. 2. The critical volume concentration of particles for th
model of straight aggregates vs the dimensionless magnetic fi
Solid and dashed lines correspond to«55 and«53, respectively.



n
th

tio

tie
c-

in
to

io
id
ic
r
u
d

e-

o

he
n

lity
w

ain

is
he

o

th

the
n
-

lank
ids
es

he
-

PRE 61 5417EFFECT OF CHAINLIKE AGGREGATES ON DYNAMICAL . . .
The model@9# is based on a chemical kinetics approach a
the prime difference between this theory and ours is in
method of estimating our free energyf n of the chain. One
may say, that our approximation~2! is the upper estimation
of the absolute value off n ; the approximation of@9# is a
lower one. At the same time it seems to us that the rela
~2! is more convenient than the same one from@9# for cal-
culations in arbitrary magnetic fields.

III. MATHEMATICAL MODEL

The effect of chain aggregates on rheological proper
of polar suspensions~magnetic liquids, magneto- and ele
trorheological suspensions! was studied in many works~see,
for example Refs.@6–10#!. Numerical methods were used
Refs.@6,10#. The length of all of the chains was assumed
be identical and known. Our aim is the analytical calculat
of the effective functions of viscoelasticity of a ferrocollo
with chainlike aggregates, taking into account the statist
character of the chain length. We assume that the shear
is weak enough to neglect the effect of deviation from eq
librium on the dimensions and shape of the chains. A con
tion for the validity of this approximation can be easily d
rived comparing the hydrodynamic forceFh , which tends to
decouple two particles, with the magnetic adhesion force
the particles,Fm . By the order of magnitudeFh;h0d2E
andFm;uT«/d, whered52a, E is the shear rate,h0 is the
viscosity of a pure solvent,u is an average angle between t
line, connecting the centers of two neighboring particles i
chain, and the direction of their magnetic moments~in the
equilibrium stateu50). The condition under which the
chain cannot be broken up isFh,,Fm ; the condition under
which the chain is undeformed, isu^n&!1. The condition
we are seeking is, therefore,

E!
T«

h0d3^n&
.

It can be shown that substituting in this strong inequa
well-known estimations of the physical parameters of kno
magnetic fluids preserves it for many real situations.

To incorporate the hydrodynamic interaction of the ch
with a surrounding medium we model then-particle chain as
a prolate spheroid with a semiminor axisa and semimajor
na. It is of principal importance that the volume of th
spheroid is equal to the total volume of all particles in t
chain.

Using the known results of statistical hydrodynamics
dilute suspensions of rigid spheroids~see, for example,@11#!,
we write expressions for the Cartesian components of
average viscous stress tensors as follows:

s ik5s ik
s 1s ik

a , ~10!

s ik
s 52h0g ik1h0

3 K K F ~2ang ik2rn^ejes&nd ikg js!1~zn1bnln!

3~^eiej&ng jk1^ekej&ng j i !1bn~v i j ^ejek&n

1vk j^ejei&n!1~xn22lnbn!^eiekejes&ng js
d
e

n

s

n

al
ate
i-
i-

f

a

n

f

e

2bn

d

dt
^eiek&nG L L ,

s ik
a 5

kT

2v
^^^ei&hk2^ek&hi&&, hi5

Hi

H
,

g ik5
1

2 S ]ui

]xk
1

]uk

]xi
D , v ik5

1

2 S ]ui

]xk
2

]uk

]xi
D .

Here and below

^^•••&&5(
n

•••nvgn ,

^•••&5E •••ewn~e!de, ^•••&o5E •••ewn
o~e!de,

i , . . . ,k5x,y,z,

u is average velocity of the colloid.
The unit vectore is aligned along the chain axis,wn is

normalized to the unity distribution function overe, wn
o(e) is

wn in an equilibrium state. Parametersan•••zn are deter-
mined in Ref.@11# and given in the Appendix.

In the assumptions«..1, and «..k, the magnetic
moments of all particles in the chain are aligned along
chain axis. Hence, the equilibrium distribution functio
wn

o(e) coincides with that for the rigid particle with the mag
netic momentmn. Using the well-known results, we write

wn
o~e!5

kn

4p sinh~kn!
exp@kn~eh!#. ~11!

In order to determine the nonequilibrium functionwn ,
one needs to write and solve a corresponding Fokker-P
equation. Using our model of the chains as rigid sphero
and the well-known form of this equation for such particl
~see, for example, Ref.@11#!, we have

]wn

]t
1ln~esgsl2emeselgms!

]wn

]el
1v lses

]wn

]el

23lnelesg lswn2DnknF ~ejemhm2hj !
]wn

]ej
12ejhjwnG

5DnS ]2wn

]ej
2

22es

]wn

]es
2ejes

]2wn

]ej]es
D . ~12!

where

Dn5
T

8ph0a3ndn

, dn5
bn

3ln
.

The exact solution of this equation for arbitrarykn is
unknown. To find its approximation solution we use t
method of trial function. Let us write the distribution func
tion in the following form:

wn5wn
o@11ai~ei2^ei&n

o!1bik~eiek2^eiek&n
o!#. ~13!
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Hereai andbik are components of unknown vector and te
sor, to be determined.

For these purposes let us multiply both parts of Eq.~12!
on the components of vectore and tensoreiem and then
integrate the obtained relation over all orientations ofe. As a
result, in linear approximation in the flow velocity gradien
we obtain the following moment equations~see, for example
Ref. @11#!:

d^ek&n

dt
52

1

t1n
^ek&n1ln~^ej&n

og jk2^ekejes&n
og js!

1vk j^ej&n
o1Dnkn~hk2^ekej&nhj ! ~14!

and

d^eiek&n

dt
52

1

t2n
S ^eiek&n2

1

3
d ikD1ln~^eies&n

ogsk

1^ekes&n
ogsi!1v i j ^ejek&n

o1vk j^ejei&n
o

22ln^eiekesej&n
ogs j1Dnkn~^ek&nhi

22^ejeiek&nhj1^ei&nhk!, ~15!

where

t1n5
1

2Dn
, t2n5

1

6Dn
.

Substituting Eq.~13! into ~14! and ~15!, we come to a
system of differential equations for functionsai(t) and
bik(t) corresponding to givenn. After solving this system,
we can use function~13! to determine the nonequilibrium
moments derived in Eq.~10!. Note that the linear approxi
mation ing i j ,v i j corresponds to the linear approximation
ai ,bi j .

IV. VISCOELASTIC PROPERTIES OF A FERROCOLLOID

In general, the problem of calculatingai and bi j is not
difficult, however, it is very cumbersome. Here we consid
separately some typical examples of the ferrofluid flow in
linear approximation in the gradient of velocity. Let us intr
duce the Cartesian coordinate system (x,y,z) and suppose
that the axisOz is parallel to the external magnetic fie
(Hz5H5const,Hx5Hy50).

A. Stationary flow

We consider now two actual situations. In the first
them we consider the colloid with the velocity aligned alo
the axisOx, and its gradient directed along the axisOz ~i.e.,
along the external fieldH). In the second one the velocity i
aligned alongOz, and its gradient alongOx.

Let n5gxz5gzx52(21)pvxz5(21)pvzx ~here and be-
low p51 for the first above mentioned situation,p52 for
the second one!. For these stationary types of flow the equ
tions ~13!–~15! in the linear approximation ing i j and v i j
lead to the following system of equations with respect toax
and bxz ~the other componentsai and bi j are now equal to
zero!:
-

r
e

f

-

F S 1

t1n
D ^ex

2&n
o1Dnkn^ex

2ez&n
oGax1F S 1

t1n
D ^ex

2ez&n
o

1Dnkn^ex
2ez

2&n
oG2bxz

5@ln~^ez
2&n

o22^ex
2ez&n

o!2~21!p^ez&n
o#n ~16!

and

F S 1

t2n
D ^ex

2ez&n
o1Dnkn~2^ex

2ez
2&n

o2^ex
2&n

o!Gax1F S 1

t2n
D

3^ex
2ez

2&n
o1Dnkn~2^ex

2ez
3&n

o2^ex
2ez&n

o!G2bxz

5@ln~^ex
2&n

o24^ex
2ez

2&n
o1^ez

2&n
o!2~21!p~^ez

2&n
o

2^ex
2&n

o)]n. ~17!

Substituting Eq.~13! into Eq. ~10!, we have

sxz52h1n ~18!

for the first type of flow and

szx52h2n ~19!

for the second one. The corresponding effective viscosi
hp are

hp5h0F11 K K an1
1

2
@~zn1bnln!~^ex

2&n
o1^ez

2&n
o!

2~21!pbn~^ez
2&n

o2^ex
2&n

o!12~xn22lnbn!^ex
2ez

2&n
o#

2~21!p
1

2v
Tk

h0
~A1^ex

2&n
o1B1^ex

2ez&n
o!L L G , ~20!

A15
ax

2n
, B152

bxz

2n
, p51,2.

Let us introduce the dimensionless effective viscosit
up5(hp2h0)/h0 and the same quantitiesupL for the colloid
containing only single particles~without chains!. The depen-
dencies ofup as well asupL on the dimensionless fieldk are
given in Fig. 3. The main conclusion following from thes
results is that even short chains~see Fig. 1! increase the
effective viscosities significantly. The magnetoviscous

FIG. 3. Dimensionless stationary effective viscosities as fu
tions of external magnetic field for«53, w50.05. Solid lines cor-
respond toup , dashed curves toupL . ~a! The field is aligned along
the gradient of the flow velocity;~b! along the flow velocity.
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fects in nondilute ferrofluids have been observed in ma
experiments~see, for example, Ref.@12#!. Our results show
that the chainlike aggregates can be physical in nature
these phenomena.

The nonmonotonic dependence ofh2 on k is explained as
follows. When the order of the chain orientation is weak,
increase in their concentration with the external field
creases the effective viscosity of the system. However, w
elongated particles~for example, chains! are oriented
strongly along the velocity of the suspension, their hydro
namic resistance is less than the same for the single sphe
particles with the same summing volume. For this reas
when the field is strong enough and the chains with a h
accuracy are oriented along the suspension velocity, the
crease of the field leads to a decrease of the concentratio
single particles and, as a result, to a decrease of the visc
h2.

B. Nonstationary flow

For example, let us consider the colloid flow when
velocity is parallel to the axisOx, and its gradient is aligned
along Oz. Using the Fourier transformations over time
Eqs. ~10!, ~14!, and ~15! and using for the Fourier compo
nents of physical values with the same notations as for t
originals, we come to the following system forax andbxz :

F S iV1
1

t1n
D ^ex

2&n
o1Dnkn^ex

2ez&n
oGax1F S iV1

1

t1n
D

3^ex
2ez&n

o1Dnkn^ex
2ez

2&n
oG2bxz

5@ln~^ez
2&n

o22^ex
2ez&n

o!1^ez&n
o#n, ~21!

F S iV1
1

t2n
D ^ex

2ez&n
o1Dnkn~2^ex

2ez
2&n

o2^ex
2&n

o!Gax1F S iV

1
1

t2n
D ^ex

2ez
2&n

o1Dnkn~2^ex
2ez

3&n
o2^ex

2ez&n
o!G2bxz

5@ln~^ex
2&n

o24^ex
2ez

2&n
o1^ez

2&n
o!~^ez

2&n
o2^ex

2&n
o!#n

~22!

and the following expression for the hydrodynamic stress

sxz52h1Vn, ~23!

h1V5h0F11 K K an1
1

2
@~zn1bnln!~^ex

2&n
o1^ez

2&n
o!

1bn~^ez
2&n

o2^ex
2&n

o!12~xn22lnbn!^ex
2ez

2&n
o#

1
1

2v
Tk

h0
~A1^ex

2&n
o1B1^ex

2ez&n
o!2 iVbn~A1^ex

2ez&n
o

1B1^ex
2ez

2&n
o!L L G .
A15

ax

2n
, B152

bxz

2n
.

y

in

n
-
n

-
cal
n,
h
n-
of
ity

ir

Here V is the Fourier frequency. Leth1V8 5Reh1V and
h1V9 52Imh1V be the real and imaginary parts of the effe
tive complex viscosity of the colloid, respectively,u18
5(h1V8 2h0)/h0 ,u195(h1V9 2h0)/h0 and u1L8 ,u1L9 are the
same as for the colloid with the single particles.

The dependences ofu18 andu19 on V are presented in Fig
4. The same results foru1L8 ,u1L9 are given in Fig. 5.

The comparison of the results on these figures shows
chainlike aggregates increase both the real and imagin
parts of the effective viscosity and significantly decrease
flow frequency corresponding to a maximum ofu19 . We
would like to emphasize that the mean number^n& of the
particles in aggregates for situations corresponding to Fig
is not large~see Fig. 1!. Consequently, even the short chai
are able to increase greatly the characteristic time of hyd
dynamic relaxation.

For zero magnetic field one can obtain the following sh
expression for the complex effective viscosity:

h1V5h0F11K K an1
1

2 S 2

3
~zn1bnln!1

2

15
~xn22lnbn! D

2
4

15
bnln

Vt2n

11~Vt2n!2
~Vt2n1 i !L L G . ~24!

It should be noted that the rheological equation of state
the colloids containing only single ferroparticles~without
chains! has no relaxation character.

FIG. 4. ~a! Real and~b! imaginary parts of the dimensionles
complex effective viscosity vs the dimensionless flow frequen
V85V/D1. The external field is aligned along the gradient of t
flow velocity, «53, w50.05. Solid and dashed lines correspond
k51 andk50.5, respectively.

FIG. 5. The same curves as in Fig. 4 for a single-particle collo
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V. NORMAL STRESSES

Using the above mentioned method, one can estimate
normal components of the stress tensor at the shear flo
the colloid. For example, let the fieldH be aligned along the
axis 0z, the stationary velocityu of the colloid alongOx,
and its gradient alongOy. By definition we note

n5
1

2

]ux

]y
5const.

Substituting Eq.~13! into Eqs.~16! and ~17!, for station-
ary flow in the linear approximation inn, one obtains

bxy5Bn

n

D1
, biÞx, j Þy5ak50, ~25!

Bn5ln

^ey
2&n

o22^ex
2ey

2&n
o

3^ex
2ey

2&n
o1kn^ex

2ey
2ez&n

o

D1

Dn
,

D15
T

8pa3h0

.

Using Eqs.~13! and ~22! in Eq. ~10!, after simple calcu-
lations we have

s i i 5Fih0

n2

D1
, i 5x,y,z, ~26!

Fz5(
n

@2rn^ex
2ey

2&n
o12~xn22bnln!^ex

2ey
2ez

2&n
o#Bnngn ,

Fx5(
n

$@2rn12~zn1bnln!12bn#^ex
2ey

2&n
o

12~xn22bnln!^ex
4ey

2&n
o%Bnngn ,

Fy5(
n

$@2rn12~zn1bnln!22bn#^ex
2ey

2&n
o

12~xn22bnln!^ex
2ey

4&n
o%Bnngn .

FIG. 6. The parametersFi calculated from Eq.~26! as functions
of the external magnetic field when«53. ~b! Solid line corresponds
to Fx , dashed line toFy .
he
of

The results of calculations of parametersFi are given in Fig.
6. One can see that for this geometry of flowuFx,yu.Fz . Let
us note that for colloids with only separate particlesFi50.

The normal stresses in ferrocolloids may be the caus
the Weissenberg effect recently observed in the experim
of Ref. @13#. It should be noted that the individual spheric
particles as well as spherical~without field! droplike aggre-
gates cannot induce appearance of the normal stresses
therefore, the Weissenberg effect. Hence, the results of
@13# show that nonspherical, i.e., possibly, chainlike agg
gates can occur in nondilute ferrofluids.

VI. CONCLUSIONS

We have studied the effect of short, straight chains on
effective rheological properties of ferrocolloids as well as t
characteristic time of hydrodynamic relaxation. If the exte
nal magnetic field is parallel to the gradient of velocity, t
presence of the chains leads to a significant increase of
the effective viscosity and time of hydrodynamical rela
ation.

Due to the chains, the normal stresses can arise in a s
flowing ferrocolloid. The magnitudes of these stresses
crease significantly in the weak or moderate magnetic fie
in a very strong field the stresses equal zero. The nor
stresses can induce the Weissenberg effect in ferrocollo
observed in experiments of Ref.@13#. In the condition of
normal gravitation this phenomena is too weak. Howeve
is significant under conditions of low gravitation.

It should be noted that in the real ferrocolloids the sha
of chains is not exactly straight due to the action of therm
fluctuations. For this reason, our calculations can be con
ered as an upper estimation for both the length of the ch
and for their effect on macroscopical properties of ferroc
loids. This is not a rough estimation when inequal
^n&,« is held ~see Figs. 1, 2!. At the same time, while
interpreting experimental results on the ferrofluid rheology
is necessary to take into account that not only chainlike
gregates can take place in these systems. For example,
aggregates can be droplike, fractal, circlelike, etc. Besi
that, the real ferrocolloids, unlike our model, are polyd
perse. Next, in the real ferrofluids interactions between
chains, neglected here, can play a significant role in form
tion of the macroscopical properties. However, we belie
that it is reasonable to analyze the influence of different ty
of heterostructures and the influence of polydispersity
macroscopical properties of ferrofluids separately. This w
can be considered as an example of such model analysi
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APPENDIX

The calculations lead to the following values of the eq
librium moments:

^ei&n
o5hiL1 ,
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^eiek&n
o5

1

2
~12L2!d ik1

1

2
~3L221!hihk ,

^eiekej&n
o5

1

2
~L12L3!~d ikhj1d i j hk1dk jhi !

1
1

2
~5L323L1!hihjhk ,

^eiekelem&5
1

8
~122L21L4!~d ikd lm1d imdkl1d ikd lm!

1
1

8
~6L225L421!~hihkd lm1hihmd l

1hihldkm1hlhmd ik1hlhkd im1hmhkd l i !

1
1

8
~3230L2135L4!hihkhlhm ,

LJ5LJ~kn!, J51,2,3,4,

L1~x!5coth~x!2
1

x
, L2~x!512

2

x
L1~x!,

L3~x!5
1

x
1L1~x!2

3

x
L2~x!, L4~x!512

4

x
L3~x!.

The parametersan•••zn are given in Ref.@10#:

an5
1

na08
,

bn5
2~n221!

n~n2a01b0!
,

.

zn5
4

~n211!nb08
2

2

na08
,

xn5
2a09

na0b09
2

8

n~n211!b08
1

2

na08
,

rn5
1

3na08b09
@2~a092b09!13n~a0a092b0b09!#,

xn5
2a09

n4a0b09
2

8

n2~11n2!b08
1

2

n4a08
,

ln5
n221

n211
.

Here

a05E
0

` ds

~n21s!Q
, b05E

0

` ds

~11s!Q
,

a085E
0

` ds

~11s!2Q
, b085E

0

` ds

~n21s!~11s!Q
,

a095E
0

` sds

~11s!2Q
, b095E

0

` sds

~n21s!~11s!Q
,

Q5~11s!An21s.
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